Abstract. Let G be an infinite discrete group of type FP∞ and let 1 < p ∈ R. We prove that the ℓ p -homology and cohomology groups of G are either 0 or infinite dimensional. We also show that the cardinality of the p-harmonic boundary of a finitely generated group is either 0, 1, or ∞.
Introduction
Let G be a discrete group and for 1 ≤ p ∈ R, let
This is a complex Banach space with respect to the norm f p := x∈G |a x | p 1/p . Also G acts on the left of ℓ p (G) according to the rule g x∈G a x x = x∈G a x gx, and similarly on the right according to the rule x∈G a x x g = x∈G a x xg. These actions make ℓ p (G) into a CG-bimodule. Suppose we are given a free resolution of the trivial CG-module C with free right CG-modules: / im d n * . We will be interested in the case e n < ∞ for all n, whence Hom CG (CG en , ℓ p (G)) ∼ = ℓ p (G) en as left CG-modules and CG en ⊗ CG ℓ p (G) ∼ = ℓ p (G) en as right CG-modules.
is the tensor product of the right CG-module CG en+1 with the left CG-module ℓ p (G) with right G-action defined by (α ⊗ u)g = α ⊗ ug.)
Bekka and Valette [2, Corollary 8] proved that if G is a finitely generated group, then H 1 (G, ℓ 2 (G)) is either zero or infinite dimensional. The motivation behind this paper is to see if this result holds for arbitrary 1 < p ∈ R. It turns out that this result remains true not only for 1 < p ∈ R, but also for the other homology and cohomology groups. Recall that G is of type FP n over C if there exists a resolution (1.1) which has e d finite for all d ≤ n, and G is of type FP ∞ if it is of type FP n for all n ∈ N. Furthermore G is of type FP 1 over C if and only if G is finitely generated. We shall prove Theorem 1.4. Let d, n be non-negative integers and let G be an infinite group of type FP n over C.
Theorem 1.4 immediately yields
Corollary. Let G be an infinite group of type FP ∞ over C and let d be a nonnegative integer. Let
We deduce Theorem 1.4 from our main theorem: Theorem 1.5. Let G be an infinite group, let m be a non-negative integer, and let
Of course, Theorem 1.5 remains true if we replace "left" with "right". The layout of this paper is as follows. In Section 2 we give some definitions and recall some well-known results. In Section 3 we prove Theorems 1.4 and 1.5. In Section 4, we shall use Theorem 1.5 to obtain a result concerning the cardinality of the p-harmonic boundary of a finitely generated group and to prove a result about translation invariant functionals on a certain function space of functions on a finitely generated group.
Preliminaries
We denote the positive integers by N. Let 1 ≤ p ∈ R. Then for α = g∈G α g g ∈ ℓ 1 (G) and β = g∈G β g g ∈ ℓ p (G), we define convolution by
Young's inequality [5, 32D] tells us that
Thus in particular ℓ 1 (G) is a ring with multiplication being convolution. Let m be a non-negative integer. While different norms can be defined on a finite direct sum of normed spaces, they are all equivalent [6, §1.8] . The most natural and consistent choice for ℓ p (G) m is using the p-norm:
The inequality (2.1) still holds for u ∈ ℓ 1 (G) and
We shall also need the following two well-known results.
Lemma 2.4. Suppose n is a positive integer and for 1 ≤ k ≤ n we have bounded linear operators T k : B → B on a normed space B such that the range T k (B) is dense in B for each T k . Then the range of T 1 · · · T n is also dense in B.
Proof. First we prove the claim for n = 2. Let ǫ > 0 and b ∈ B. There exists
The lemma now follows by induction on n. 
Proof of the main theorems
The critical case in the proof of Theorem 1.5 is when G is infinite cyclic, and the reader will understand most of the proof by studying this special situation. To prove the result in general, we have had to repeat some arguments almost verbatim several times. However we have chosen to give full details over brevity and clarity.
Proof of Theorem 1.5. We will assume that B/A is finite dimensional and will prove that A = B. First suppose G has an element g of infinite order. Write H = g . Note that for α ∈ ℓ 1 (G) and β ∈ ℓ p (G) m , we have αβ p ≤ α 1 β p by (2.2), thus in particular ℓ p (G) m is a left ℓ 1 (H)-module, and A and B are left ℓ 1 (H)-submodules. The action of g on the finite dimensional vector space B/A has a minimal polynomial, i.e. there exists F (x) ∈ C[x] such that F (g) = 0 on B/A, and therefore F (g)b ∈ A for all b ∈ B. Factor F (x) into linear factors and notice that if |ω| = 1, then (g −ω) is invertible in ℓ 1 (H). Thus since A and B are ℓ 1 (H)-invariant, we may assume that F (g) consists of factors (g − ω) with |ω| = 1 only. If we prove that F (g)B is dense in B, that will imply that A = B.
Fix ω with |ω| = 1 and for n ∈ N, let
Now note that the homomorphism CH → C induced by the identity on C and sending g to ω has (1 − x n ) in its kernel, consequently we may write 1 − x n = (g − ω)d, where d ∈ CG, and we deduce that
Since the product of operators with dense ranges has dense range by Lemma 2.4, we conclude that F (g)B is dense in B. Therefore we may assume that every element of G has finite order. Let N denote the kernel of the action of G on B/A. Suppose N is infinite. Choose an infinite sequence {g 1 , g 2 , . . . } of distinct elements of N and let x n = n k=1 1 n g k ∈ CG. Let b ∈ B, let ǫ > 0 and follow the argument above. Since x n p = n (1−p)/p , we see that lim n→∞ x n p = 0. Also CG m is dense ℓ p (G) m , hence there exists c ∈ CG m such that b − c p < ǫ/2. Then we may choose n ∈ N such that x n p < ǫ 2 c 1 and we have
2) and (2.3)
we see that A is dense in B and we conclude that A = B. Therefore we may assume that N is finite, so G/N is an infinite torsion group, and its action on B/A tells us that it is also a linear group over C. 1) ), x n p = n (1−p)/p → 0 as n → ∞. Now pick arbitrary u ∈ U and ǫ > 0. Since CG m is dense in ℓ p (G) m , there exists c ∈ CG m such that u − c p < ǫ/2. Then we may choose n ∈ N such that x n p < ǫ 2 c 1 and we have .2) and (2.3)
Since (1 − x n )u ∈ A for all n, we deduce that A is dense in U , a contradiction. This completes the proof of Theorem 1.5.
Deduction of Theorem 1.4 from Theorem 1.5. For Theorem 1.4(i), note that the
are continuous, because they are given by right multiplication by an e n × e n+1 matrix with entries in CG. Thus if im d * n−1 has finite codimension in ker d * n , it will be closed by Lemma 2.5. Theorem 1.4(i) now follows from Theorem 1.5. The proof of Theorem 1.4(ii) is almost exactly the same, except we need to deal with right G-invariant subspaces of ℓ p (G) en .
We can also prove results for the corresponding real Banach spaces. For a group G and 1 ≤ p ∈ R, let
This is a real Banach space with respect to the norm f p := x∈G |a x | p 1/p . Also G acts on the left of l p (G) according to the rule g x∈G a x x = x∈G a x gx. Then we have Corollary 3.2. Let G be an infinite group, let m be a non-negative integer, and let A ⊆ B be closed left G-invariant subspaces of l p (G) m . Then either A = B or B/A has infinite dimension over R.
Proof. We can regard A and B as closed G-invariant real subspaces of ℓ p (G) m . Set X = A + iA and Y = B + iB. Then X and Y are closed left G-invariant complex subspaces of ℓ p (G) m . Since either Y = X or Y /X has infinite C-dimension by Theorem 1.5, we see that either B = A or B/A has infinite R-dimension and the result follows.
Applications to finitely generated groups
In this section we will use Corollary 3.2 to obtain some new results concerning finitely generated infinite groups. Let F (G) denote the set of all real valued functions on G. This has a left and right G-action given by (gf )(x) = f (g −1 x) and (f g)(x) = f (xg −1 ) for f ∈ F (G) and g, x ∈ G, respectively. We will view l p (G) as {f ∈ F (G) | x∈G |f (x)| p < ∞}. To make this identification, we send f to x∈G f (x)x. Also l ∞ (G) = {f ∈ F (G) | sup x∈G |f (x)| < ∞} with norm f ∞ = sup x∈G |f (x)|. Finally RG will denote the functions in F (G) with finite support.
Throughout this section, p will always denote a real number greater than one and G will be a group with a finite symmetric generating set S (so S = S −1 ). For a real-valued function f on G, we define the p-th power of the gradient, the p-Dirichlet sum, and the p-Laplacian of g ∈ G by
respectively. In the case 1 < p < 2, we make the convention that |f
The set of all p-Dirichlet finite functions on G will be denoted by D p (G). A function f is said to be p-harmonic if ∆ p f (g) = 0 for all g ∈ G. The set HD p (G) will consist of the p-harmonic functions contained in D p (G). We identify the constant functions on G with R. Observe that R is contained in HD p (G). Endowed with the norm
is a reflexive Banach space, where e is the identity element of G and f ∈ D p (G). For X ⊆ D p (G), let X Dp indicate its closure in the D p -norm and let B(X) denote the bounded functions in X, that is X ∩ l ∞ (G); sometimes we will write BX for B(X). The set BD p (G) is closed under the usual operations of scalar multiplication and addition. Also BD p (G) is a reflexive Banach space under the norm
Our first application of Corollary 3.2 will be concerned with the cardinality of the p-harmonic boundary of G, which we now define. For a more detailed discussion of this boundary, see [9] . Let Sp(BD p (G)) denote the set of complex-valued characters on BD p (G), that is nonzero * -homomorphisms from BD p (G) to C. Then with respect to the weak * -topology, Sp(BD p (G)) is a compact Hausdorff space. Given a topological space X, let C(X) denote the ring of continuous complex-valued functions on X. The Gelfand transform defined byf (χ) = χ(f ) yields a monomorphism of Banach algebras from BD p (G) into C(Sp(BD p (G))) with dense image. Furthermore the map ι : G → Sp(BD p (G)) given by (ι(g))(f ) = f (g) is an injection, and ι(G) is an open dense subset of Sp(BD p (G)). The p-Royden boundary of G, which we shall denote by R p (G), is the compact set Sp(BD p (G)) \ ι(G). The p-harmonic boundary of G is the following subset of R p (G):
∂ p (G) := {χ ∈ R p (G) |f (χ) = 0 for all f ∈ B(RG Dp )}.
We can now state Theorem 4.1. Let 1 < p ∈ R and let G be a finitely generated infinite group. Then the cardinality of ∂ p (G) is either 0, 1 or ∞.
Proof. Let S := {s 1 , . . . , s d } be a symmetric generating set for G. We will use the results of [9] with G being the Cayley graph of G with respect to the generating set S; thus the vertices of this graph are the elements of G, and g 1 , g 2 ∈ G are joined
